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The problem of controlling a class of nonlinear multibody flexible space systems is considered. The system
configuration consists of a flexible central body to which a number of flexible articulated appendages are attached,
resulting in highly nonlinear dynamics. Assuming collocated actuators and sensors, global asymptotic stability of
such systems is established using a nonlinear passivity-based control law. In addition, a special case where the
central-body motion is small while the appendages can undergo unlimited motion, it is shown that the system,
although highly nonlinear, can be stabilized by linear static and dynamic dissipative control laws. Furthermore,
the static dissipative control law preserves stability despite actuator and sensor nonlinearities of certain types. In
all cases, the stability does not depend on the knowledge of the model and hence is robust to modeling errors and
uncertainties. The results are applicable to a broad class of systems, such as flexible multilink manipulators and
multipayload space platforms. The stability proofs use the Lyapunov approach and exploit the inherent passivity
of such systems.

I. Introduction

FLEXIBLE multibody space systems such as space platforms
with multiple articulated payloads and space-based manipula-

tors used for satellite assembly and servicing are characterized by

significant flexibility in the structural members as well as joints.
Examples of such systems include Earth-observing systems and
Shuttle-based remote manipulator systems. Control systems de-
sign for such systems is a difficult problem because of the highly
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Fig. 1 Multibody system.

nonlinear dynamics, significant elastic motion with low inherent
damping, and uncertainties in the mathematical model. The pub-
lished literature contains a number of important stability results for
certain subclasses of this problem, e.g., linear flexible structures,
nonlinear multibody rigid structures, and recently, multibody flexi-
ble structures. Under certain conditions, the input-output maps for
such systems can be shown to be "passive."1 The Lyapunov and pas-
sivity approaches are used in Ref. 2 to demonstrate global asymp-
totic stability of linear flexible space structures (with no articulated
appendages) for a class of dissipative compensators. The stability
properties were shown to be robust to first-order actuator dynamics
and certain actuator/sensor nonlinearities. Multibody rigid struc-
tures comprise another class of systems for which stability results
have been advanced. Global asymptotic stability of terrestrial rigid
manipulators has been established3 employing proportional-plus-
derivative control with gravity compensation, and the Lyapunov
stability of nonlinear multilink flexible systems was addressed in
Ref. 4. However, the global asymptotic stability of nonlinear, multi-
link, flexible space structures has not been addressed in the literature.

We consider a nonlinear rotational dynamic model of a multibody
flexible spacecraft assumed to have a branched geometry; i.e., it has
a central flexible body to which various flexible appendage bodies
are attached (Fig. 1). A nonlinear mathematical model of a generic
flexible multibody system is given in Sec. II. It is shown (Lemma A2
in the Appendix) that the system has the property of passivity that is
pivotal to the proofs. Basic kinematic relations of the quaternion (a
measure of attitude of the central body) are also given. Section III
establishes the global asymptotic stability of the complete nonlinear
system under a nonlinear control law based on quaternion feedback.
A special case where the central-body attitude motion is small is
addressed in Sec. IV. A numerical example is given in Sec. V. The
control laws of Sees. Ill, IV.A, and IV.B were considered in Ref. 5
but are included here for completeness.

II. Mathematical Model
The class of systems considered consists of a branched configu-

ration of flexible bodies as shown in Fig. 1. Each branch by itself
could be a serial multibody structure. For the sake of simplicity and
without loss of generality, we shall consider a spacecraft with only
one such branch where each appendage body has one degree of free-
dom (hinge) with respect to the previous body in chain. However,
the results obtained in this paper will also be applicable to the gen-
eral case with multiple branches. Consider the spacecraft consisting
of a central flexible body and a chain of (k — 3) flexible links. The
central body has three rigid rotational degrees of freedom, and each
link is connected by one rotational degree of freedom to the neigh-
boring link. The Lagrangian for the system under consideration can
be shown5 to have the following form:

= ±[pTM(p)p-qTKq] (1)

where p = {a)T, 9T, qT}T\ w is the 3 x 1 inertial angular velo-
city vector (in body-fixed coordinates) for the central body; 9 =
(0i, #2, • • • , %_3))r, where 0,- denotes the joint angle for the zth joint
expressed in body-fixed coordinates; q is an (n—k) vector of flexible
degrees of freedom (modal amplitudes); M(p) = MT (p) > 0 is the
configuration-dependent mass-inertia matrix; and K is the symmet-
ric positive-definite stiffness matrix related to the flexible degrees
of freedom. Using the Lagrangian (1), the following equations of

motion are obtained (the details of the derivation of the mathematical
model can be found in Ref. 5):

M(p)p + C(p, p)p = BTu (2)

where {/?} = {yT , 9T ', qT}T and y = a>. Here, C(p, p) corresponds
to Coriolis and centrifugal forces; D is the symmetric, positive-
semidefinite damping matrix; B = [Ikxk 0*X(n-*)] is the control
influence matrix; and u is the ^-vector of applied torques. The first
three components of u represent the attitude control torques (about
the x, v, z axes) applied to the central body, whereas the remaining
components are the torques applied at the (k—3) joints. The terms K
and D are symmetric, positive- semidefinite stiffness and damping
matrices:

K =
&) 1

,
n-k) J

D = ®kx(n-(n-k)

(3)

where K and D are symmetric positive definite. The angular mea-
surements for the central body are the three Euler angles (not the
vector y), whereas remaining angular measurements consist of the
relative angles between adjoining bodies. The angular rate measur-
ements are given by yr = (a)T , 9T)T = Bp. One important inherent
property of such systems that is crucial to the stability results is that
the matrix ((1/2)M — C) is skew symmetric. An outline of the proof
of this property is given as Lemma Al in the Appendix. (See Ref. 6
for a detailed proof.) Using this property, it is also shown in the
Appendix (Lemma A2) that the input-output map from u to yr is
passive. Because of this passivity property, the system can be stabi-
lized (in the input-output sense) by any strictly passive controller.1
The simplest example of such a controller is constant (positive)
gain rate feedback. However, the system would be stable only in the
input-output sense and would not be asymptotically stable. In par-
ticular, the steady-state velocities will be zero, but the steady-state
values of the central-body attitude and appendage angles can be ar-
bitrary. In other words, the system would be only Lyapunov stable.
Therefore, we shall develop control laws that utilize both position
and rate measurements and yield asymptotic stability.

The central-body attitude (Euler angle) vector 77 is given by
£(77)77 = CD, where £(77) is a 3 x 3 transformation matrix. The sen-
sor outputs consist of three central-body Euler angles, the (k — 3)
joint angles, and the angular rates, i.e., the sensors are collocated
with the torque actuators. The sensor outputs are then given by

yp = Bp, yr = Bp (4)

where p = (rjT ,9T,qT)T wherein 77 is the Euler angle vector for the
central body. Here, yp = (r)T, 0T)T and yr = (COT', 9T)T are mea-
sured angular position and rate vectors, respectively. It is assumed
that the body rate measurements co are available via rate gyroscopes.

The orientation of a free-floating body can be minimally rep-
resented by a three-dimensional orientation vector. However, this
representation is not unique. One minimal representation that is
commonly used to represent the attitude is Euler angles. As stated
previously, the 3 x 1 Euler angle vector 77 is given by £(77)77 = CD,
where £(77) is a 3 x 3 transformation matrix. The problem with
using this representation is that £(77) becomes singular for certain
values of 77. The problem of singularity in three-parameter repre-
sentation of attitude has been studied in detail in the literature. An
effective way of overcoming the singularity problem is to use the
quaternion formulation.7

The unit quaternion (also known as Euler parameter vector) a is
defined as follows:

{ -T }Ta , «4} , a, = (5)

Here, a = («i, «2> &?>}T is the unit vector along the eigenaxis of
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rotation and 0 is the magnitude of rotation. The quaternion is also
subjected to the norm constraint

ctToL + a? = 1 (6)

The quaternion obeys the following kinematic differential
equations:

GL = i (a) x a H- a4o>) (7)

We shall use the quaternion representation for the central-body
attitude. Euler angle measurements can be used to compute the
quaternions.7

The open-loop system given by Eqs. (2), (7), and (8) has multi-
ple equilibrium solutions: (ajs> ot^ss, Ojs)T, where the subscript ss
denotes the steady-state value (the steady-state value of q is zero).
Defining 0 = («4 - 1) and denoting p = z, Eqs. (2), (7), and (8)
can be rewritten as

Mi + Cz +.Dz + Kq = BTu

• = [°(n-3)x3 /o,-3)x(n-3)]s

a = i[a> x <* + l)a>]

(8)

(9)

(10)

(11)

In Eq. (8) the matrices M and C are functions of p and (p, p), respec-
tively. It should be noted that the first three elements of p associated
with the orientation of the central body can be fully described by the
unit quaternion. Hence, M and C are implicit functions of a, and
therefore, the system represented by Eqs. (8-11) is time invariant
and can be expressed in the state-space form as

x = /(*, u), yp = Bp, yr = Bp (12)

where x = (ar, j8, <9r, qT, ZT)T and p = (a7*, 6Tf. Note that the
dimension of x is (2n + 1), which is one more than the dimension
of the system in Eq. (2). However, one constraint [Eq. (6)] is now
present. It can be easily verified from Eq. (7) that the constraint (6)
is satisfied for all t > 0 if it is satisfied at t = 0.

III. Nonlinear Dissipative Control Law
Consider the dissipative control law u given by

(13)

where matrices Gp and Gr are symmetric positive-definite k x k
matrices and Gp is given by

Gp=
0(*-(*-3)x3

(14)

Note that Eqs. (13) and (14) represent a nonlinear control law. If Gp
and Gr satisfy certain conditions, this control law can be shown to
render the time rate of change of the system's energy negative along
all trajectories; i.e., it is a dissipative control law.

The closed-loop equilibrium solution can be obtained by equating
all the derivatives to zero in Eqs. (2), (10), and (11). In particular,
p = p = 0 => co = 0, 0 = 0, q = 0, and

(15)

Since \p + 1| < 1 [because of Eq. (6)], Gp is positive definite, and
Eq. (15) implies p = (ar, 9T)T — 0 and q — 0. The equilibrium
solution of Eq. (11) is ft = /3SS (constant), i.e., a4 = constant, which
implies [from Eq. (6)] that oj4 = ±1. Thus there appear to be
two closed-loop equilibrium points corresponding to a4 = 1 and
«4 = — 1 (all other state variables being zero). However, from Eq. (5),
014 — 1 =>> </> = 0 and «4 = — 1 =>> 0 = 2n, i.e., there is only one
equilibrium point in the physical space.

One of the control objectives is to transfer the state of the system
from one orientation (equilibrium) position to another orientation.
Without loss of generality, the target orientation can be defined to
be zero, and the initial orientation, given by (a(0), o?4(0), 0(0)), can
always be defined in such a way that |</>(0)| < TT, 0 < a4(0) < 1
(corresponding to |0| < TT), and (a(0), o?4(0)) satisfy Eq. (6).

The following theorem establishes the global asymptotic stability
of the physical equilibrium state of the system.

Theorem L Suppose Gp2(k-y)*(k-3) and Gr(kxk) are symmetric
and positive definite and Gp\ = /x/3, where JJL > 0. Then, the closed-
loop system given by Eqs. (12) and (13) is globally asymptotically
stable (GAS).

Proof. Consider the candidate Lyapunov function

V = \pTM(p)p + \qTKq + \0TGp29

+ fr\L (16)
Here, V is clearly positive definite and radially unbounded with
respect to a state vector {ar, f>, 9T ,qT, pT}T since M(p), K, Gp\,
and GP2 are positive-definite symmetric matrices. Note that the ma-
trix M(p), although configuration dependent, is uniformly bounded
from below and above by the values that correspond to the mini-
mum and maximum inertia configurations, respectively (i.e., there
exist positive-definite matrices M and M such that M < M < M).
Taking the time derivative of V, we have

V = pTMp + \pTMp + qTKq + 6TGp20

+ a (Gpi + 2jLt/3)a + 2ftft/z (17)

Using Eqs. (2), (10), (11), and (14), we get

V = pTBTu + pT(\M - C)p - pTDp - pTKp + qTKq

+ 0TGp29 + ^(£la)TGpia + ^(/6 -f \)COTGp\a + jJia)1a
(18)

where Q = (cox) denotes the skew-symmetric cross product matrix,
i.e., co x x = QJC. Substituting for u and noting that pTKp =
q1Kq, (£2a)TGpict = 0, and using Lemma Al, we obtain

V = -pT(D + BTGrB)p - (Bp)TGpp

+ I(j8 + \)a>TGplct + na)Ta + 6TGp2e (19)

Note that (Bp)TGpp = (1/2)()8 + l)a)TGpia + /Wa + 9TGp20.
After cancellations, we get

V = -p (20)

Since D + BTGrB is a positive-definite symmetric matrix, V < 0,
i.e., V is negative semidefinite, and V = Q=^p — Q=^p = Q.
Substituting in the closed-loop equation we get Eq. (15). As shown
previously, Eq. (15) =>• p = 0, q = 0, i.e., a = 0, 9 = 0, and
a4 = ±1 (or J3 = 0, —2). Consistent with the previous discussion,
these values correspond to two equilibrium points representing the
same physical equilibrium state.

It can be easily verified, from Eq. (16), that any small perturbation
€ in «4 from the equilibrium point corresponding to a4 = —1 will
cause a decrease in the value of V(e has to be greater than 0 because
|«4| < 1). Thus, in the mathematical sense, «4 = — 1 corresponds
to an isolated equilibrium point such that V = 0 at that point and
V < 0 in a neighborhood of that point, i.e., o?4 = — 1 is a "repeller,"
not an "attractor." It has been already shown that V is negative
along all trajectories in the state space except at the two equilib-
rium points. That is, if the system's initial condition lies anywhere
in the state space except at the equilibrium point corresponding to
a4 = —1, then the system will asymptotically approach the origin,
i.e., x = 0; and if the system is at the equilibrium point correspond-
ing to «4 = — 1 at t = 0, then it will stay there for all t > 0. How-
ever, this is the same equilibrium point in the physical space; hence
it can be concluded by LaSalle's invariance theorem that the system
is GAS. D
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IV. Systems in Attitude Hold Configuration
Consider an important special case where the central-body atti-

tude motion is small. This can occur in many realistic situations.
For example, in the case of a space-station-based or Shuttle-based
manipulator, the inertia of the base (central body) is much larger
than that of any manipulator link or pay load. In such cases the rota-
tional motion of the base can be assumed to be in the linear region,
although the payloads (or links) attached to it can undergo large rota-
tional and translational motions and nonlinear dynamic loading due
to Coriolis and centripetal accelerations. That is, the system model
is still highly nonlinear. For this case, since the attitude motion of the
central body is small, the singularity problem discussed in Sec. II
does not arise, and the quaternion formulation is not necessary. As
a result, y approximately equals the Euler angle vector r\ and can
be used to represent the central-body attitude. Here, y is given by
Y = co. The equations of motion (2) can now be expressed in the
state-space form simply as

* = r ° 7
\-M~l(p)K -M

0
(21)

where x = {/?r, pT}T, p = {yr, 0r, qT}T. Note that Eq. (21) still
represents a highly nonlinear dynamic system. However, it is shown
next that it can be stabilized by linear dissipative controllers.

A. Stability with Static Dissipative Controllers
The static dissipative control law u is given by

u = -Gpyp - Gryr

where Gp is a symmetric positive-definite k x k matrix

(22)

(23)

where yp and yr are measured angular position and rate vectors.
Theorem 2. Suppose Gptkxk and Gr^k are symmetric and pos-

itive definite. Then, the closed-loop system given by Eqs. (21-23)
is GAS.

Proof. Consider the candidate Lyapunov function

V = \pTM(p)p + \pT(K + BTGpB)p (24)

Here, V is clearly positive definite since M(p) and K + BTGPB
are positive-definite symmetric matrices. Taking the time derivative,
letting K = (K + BTGPB), and simplifying, we get

V = (25)

Again, using Lemma Al, we get, pT((\/2)M - C)p = 0, and after
some cancellations, we obtain

V = -p* (26)

Since D + BT Gr B is the positive-definite symmetric matrix, V < 0,
i.e., V is negative semidefinite in p and p and V = Q=$p = Q=$
p = 0. Substituting for u from Eq. (22) into Eq. (2), we get the
closed-loop steady-state equation

(K + BTGpB]p = 0 =» p = 0 (27)

Thus, V is not zero along any trajectories; then, by LaSalle's theo-
rem, the system is GAS. D

The significance of the two results presented in Theorems 1 and 2
is that nonlinear multibody systems belonging to these classes can
be stabilized with the dissipative control laws given. The control
laws do not require any knowledge of the system parameters or
model order and depend only on the inherent input-output property
of the system, namely passivity, which is a result of actuator/sensor
collocation. Therefore, the control laws given are robust to modeling
errors and parametric uncertainties. In the case of manipulators, this
means that one can accomplish any terminal angular position from
any initial position with guaranteed asymptotic stability.

B. Robustness to Actuator/Sensor Nonlinearities
Theorem 2 proves global asymptotic stability for systems in the

central-body attitude-hold configuration. It assumes linear actuators
and sensors. In practice, however, the actuators and sensors have
nonlinearities. The following theorem extends the results of Ref. 2 to
the case of nonlinear flexible multibody systems. That is, the robust
stability property of the dissipative controller is proved to hold in
the presence of a wide class of actuator/sensor nonlinearities (such
as saturation) as defined below.

Definition. A function V(v) is said to belong to the (0, oo)
sector if i/r(0) = 0 and v^r(v) > 0 for v ̂  0: ty is said to belong to
the [0, oo) sector if vi/s(v) > 0.

Let tyai(-), VV'(')» and Vo-iO) denote the nonlinearities in the /th
actuator,position sensor, and rate sensor channels, respectively. As-
suming Gp and Gr are diagonal with elements Gpi and Gr/, respec-
tively, the actual input is given by

M« = ifai[-Gpiifpi(ypi) - Griifri(yM i = 1 ,2 , . . . , * (28)

We assume that Vp/» V^/, and ^ri (i = 1 ,2 , . . . , k) are continu-
ous single-valued ftmctions R -> R. The following theorem gives
sufficient conditions for stability.

Theorem 3. Consider the closed-loop system given by Eqs. (21),
(23), and (28), where Gp and Gr are diagonal with positive entries.
Suppose V^ai» typi»and i^r/ (i = 1, 2 , . . . , &) are single-valued, time-
invariant continuous functions belonging to the (0, oo) sector and
tyai are monotonically nondecreasing. Under these conditions, the
closed-loop system is GAS.

Proof. (The proof closely follows Ref. 2.) Let <p = —yp.
Define

(29)

(30)

If typi, Vr/ € (0, oo) sector, then -\(rpi, ^r/ also belong to the same
sector. Now, consider the following Lure-Postnikov Lyapunov func-
tion:

•±fi = l J°
(31)

where K is the symmetric positive-definite part of K. Taking the
time derivative and using (2),

1
V = p1 (B1 u - Cp - Dp - Kp) + -p1 Mp

Upon several cancellations and using Lemma Al,

k k
V = -^Ui<pi - qTDq + ̂ vrfailGpi^

i=l i=l

where matrix D is the positive-definite part of D:
k

V = -qTDq -y^(pi{^ai[Gri^ri((pi)

(32)

(33)

(34)

Since the -fyai are monotonically nondecreasing and Vn belong to
the (0, oo) sector, V < 0, and it can be concluded that the system
is at least Lyapunov stable. Now we will prove that in fact the
system is GAS. First, let us consider a special^case when the ^rai
are monotonically increasing. Then V < —qTDq, and V = 0 only
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when q = 0 and <p = 0, which implies (yT , 0T)T = 0 =>• /? = 0 =»
p = 0. Substituting in the closed-loop equation,

r=0

= BT1ra[-GP1rp(yp)]

and

(35)

(36)

If the T/^/ belong to the (0, oo) sector, ^fl/(v) = ^p,-(v) = 0 only
when v = 0. Therefore, vp = 0, i.e., 0 = 0 and y = 0. Thus, V = 0
only at the origin, and the system is GAS.

In the case when actuator nonlinear! ties are of the monotonically
nondecreasing type (such as saturation nonlinearity), V can be 0
even if <p / 0. However, we will show that every system trajec-
tory along which V s 0 has to go to the origin asymptotically.
When <p ^ 0, V = 0 only when all actuators are saturated. Then,
from the equations of motion, this implies that system trajectories
will become unbounded, which is not possible since we have al-
ready proved that the system is Lyapunov stable. Hence, V cannot
be identically zero along the system trajectories and the system
is GAS. n

For the case considered in Sec. II, where the central-body motion
is not in the linear range, the robust stability results in the presence
of actuator/sensor nonlinearities cannot be easily extended since the
stabilizing control law (13) is nonlinear.

The next section extends the robust stability results of Sec. IV. A
to a class of more versatile controllers, namely, dynamic dissipative
controllers. The advantages of using dynamic dissipative controllers
include higher performance, more design freedom, and better noise
attenuation.

C. Stability with Dynamic Dissipative Controllers
In order to obtain better performance while still retaining guaran-

teed robustness to unmodeled dynamics and parameter uncertain-
ties, we consider a class of dynamic dissipative controllers (DDCs).
Such compensators were suggested in the past for controlling only
the elastic motion8'9 of linear flexible space structures with no ar-
ticulated appendages (i.e., single-body structures). The results were
extended in Ref. 10 to additionally include the rigid-body modes.
The results to be presented in this section essentially extend and
generalize the results of Ref. 10 to the nonlinear multibody case.
In particular, it is shown that nonlinear multibody space structures
in the attitude-hold configuration can be stabilized by linear DDCs.
The methods of proof are similar to those in Ref. 10, which addressed
only linear single-body spacecraft.

Mathematical Preliminaries
Definition. A rational matrix- valued function T (s) of the com-

plex variable s is said to be positive real if all of its elements are
analytic in Re[s] > Q9andT(ja)) + T*(jo)) > Oforcu e (-00, oo),
where the asterisk denotes the complex conjugate transpose.

Suppose (A , B , C, D) is an nth-order minimal realization of T (s) .
From Ref. 11, a necessary and sufficient condition for T(s) to be
positive real is that there exists an n x n symmetric positive-definite
matrix P and matrices W and L such that

(37)
This result is also generally known in the literature as the Kalman-
Yakubovich lemma. A stronger concept along these lines is strictly
positive-real (SPR) systems. However, there are several definitions
of SPR systems (see Ref. 12). The concept of weakly SPR12 appears
to be the least restrictive definition of SPR. Nevertheless, all the
definitions of SPR seem to require the system to have all poles
in the open left-half plane. Herein we define marginally strictly
positive-real13 systems as follows:

Definition. A rational matrix- valued function T (s) of the com-
plex variable s is said to be marginally strictly positive real (MSPR)
if T(s) is positive real and T (jo)) + T*(ja>) > 0 for CD e (-00,00).

The obvious difference between the above definition and the def-
inition of positive-real systems is that the > has been replaced by

-N | fcJ ' ^
, - 1

u1

Nonlinear
plant

r F*L

K(S)

~n ; y
P

JU ,

Fig. 2 Feedback configuration.

strict inequality. The difference between the MSPR and weak SPR of
Ref. 12 is that the latter definition requires the system to have poles
in the open left-half plane, whereas the former definition allows
poles on the ja> axis. It was proved in Ref. 13 that a linear positive-
real system can be robustly stabilized by any MSPR control law. It
is proved next that the nonlinear multibody flexible system (21) can
also be robustly stabilized by an MSPR control law.

Stability Results
Consider the system given by Eq. (21) with the sensor outputs

given by Eq. (23). Suppose a controller JC(s)9 with k inputs and k
outputs, is represented by the minimal realization

xc = Acxc + Bcuc

yc = Ccxc + Dcuc

(38)

(39)

where xc is the nc-dimensional state vector and (Ac, BC,CC, Dc) is
a minimal realization of JC(s).

Define

= yc

Equations (39-42) can be combined as

xz = Azxz + Bzuc

yz = czxz

where
K 01
[cc oj'

(40)

(41)

(42)

(43)

(44)

(45)

The closed-loop system is shown in Fig. 2. Here, JC(s) is said to
stabilize the nonlinear plant if the closed-loop system is GAS [with
/C(s) represented by its minimal realization].

Theorem 4. Consider the nonlinear plant (21) with yp as the
output. Suppose

1) AC is strictly Hurwitz.
2) There exists an (nc -h k) x (nc + k) matrix Pz = Pz > 0 such

that

AT
ZPZ + PZAZ = -Qz = -diag(L^Lc, 0*) (46)

where Lc is the k x nc matrix such that (Lc, Ac) is observable and
Lc(sl — AC)~1BC has no transmission zeros in Re[s] > 0.

3) Assume

CZ = B*PZ (47)

4) JC(s) = Cc(sl — AC)~1BC + DC has no transmission zeros at
the origin.

Then JC(s) stabilizes the nonlinear plant.
Proof. Let us first consider the system shown in Fig. 3a. The

nonlinear plant is given by Eq. (2), and its state vector is taken to be
(qT, pT)T\ i.e., (yr, 0T)T is not included in the state vector. Now
consider the Lyapunov function

V = p (48)

where K is the symmetric positive-definite part of K (i.e., the part
associated with nonzero stiffness). Note that V is positive definite
in the state vector (qT', pT)T since the mass-inertia matrix
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Fig. 3 Rearrangement of feedback loop.

as stated previously, is symmetric positive definite and uniformly
bounded from below and above. Then

V = p (49)

After substituting for M (p)p using Eq. (2) and for xz using Eq. (43),
Eq. (49) becomes

V = pTBTu - qTDq + p7 ' (±M - C)p - pT Kp + qT Kq

+ K(« + *TcBl)P**t + *IP*(A*X* + B,UC)] (50)
Now using Lemma Al, the matrix (1/2)M — C is skew symmetric,
and we get

V = pTBTu - qTbq + \xl(AT
z

V = -qTDq + pTBTu - ±XT
ZQZXZ+XT

ZCT
ZU

Using Eqs. (46) and (47) and noting (Fig. 3a) that u = -yt
and Bp = yr = uc,

V = -qTDq - \xT
zQzxz - uT

cyz + y[uc

V = -qTDq-\xT
zQzxz

(51)

(52)

Czxz

(53)

(54)

Since D is positive definite, it follows that V < 0; i.e., V is negative
semidefinite, and the system is Lyapunov stable. Now, V = 0 only
if q = 0 and Lcxc = 0. Therefore, either yr = 0 or yr consists only
of terms such as vtleZQt, where v is a constant vector and ZQ is a
transmission zero of (Ac, Bc, Lc). Since (Ac, Bc, Lc) has no trans-
mission zeros in Re (s) > 0, this requires that yr -> 0 exponentially.
Since (Ac, Bc, Lc) is minimal and stable, xc -> 0 exponentially. But
yr -> 0 =>> 0 -> 0 and o> -> 0 =>> /? -> 0; then this implies that
p -> 0. Substituting in Eq. (2), we get y -> y,5, 0 -> 0M, 0 -* 0,
and w -> 0, where yV5 and 0M are some steady-state values of y and
0, respectively.

Now consider the configuration shown in Fig. 3b, which is re-
alized by applying the following similarity transformation to the
system in Eq. (43):

T =
Ik 0
0 Ac

0 Cc

0 '
Bc

Dc

(55)

Clearly, f is nonsingular if and only if JC(s) has no transmission
zeros at the origin. The transformed system has controller state
equations

xc = Acxc + Bcyp

u = -yz = -(Ccxc + Dcyp)

(56)

(57)

where yp = (yr, 9T)T. Since transformation f is linear and non-
singular, the transformed system is Lyapunov stable. Now it will be
shown that the system is, in fact, asymptotically stable.

Referring to Fig. 3b, we have shown that the output yp tends to
some steady-state value yp = (y£, Ojs)T. Since JC(s) has no zeros
at the origin and is stable, its output yz(= —u) will also tend to
some steady-state yz. Consequently, if yp ^ 0, the control input u
will tend to a constant value u ^ 0. However, this contradicts the
previously proven fact that u -»> 0. Therefore, yp -> 0 and xc -^ 0
[because JC(s) is stable]. This proves (using LaSalle's invariance
theorem) that the system is asymptotically stable. Since V is radially
unbounded, the system is GAS. D

Since no assumptions were made regarding the model order as
well as the knowledge of the parametric values, the stability is robust
to modeling errors and parametric uncertainties. The robustness is
a direct consequence of the passivity of the system, which results
from actuator/sensor collocation.

Remark 1. In Theorem 4, if Eq. (46) holds with a negative-
definite matrix Qc replacing L* LC9 then the closed-loop system is
GAS. In this case the observability and minimum phase conditions
in 2 are not needed.

Remark 2. The controller JC(s) stabilizes the complete plant;
i.e., the system consisting of the rigid modes, the elastic modes, and
the compensator state vector (xc) is GAS. The global asymptotic
stability is guaranteed regardless of the number of modes in the
model or parameter uncertainties. The order of the controller can
be chosen to be any number >k. In other words, this result enables
the design of a controller of essentially any desired order, which ro-
bustly stabilizes the plant. A procedure for designing JC is to choose
Qz = diag(Qc, 0*), where Qc = Q[ > 0, and to choose a stable Ac
and matrices Bc and Cc so that Eqs. (46) and (47) have a positive-
definite solution Pz. In addition, Dc must be such that 1C(s) has no
transmission zeros at the origin, i.e., det[£>c. — CCA~1BC] ^ 0. Be-
cause of the large number of free parameters (Ac, Bct Cc, Dc, Lc),it
is generally not straightforward to use Theorem 4 to obtain the com-
pensator. Another method is to use an s -domain sufficient condition,
given below.

Theorem 5. The closed-loop system given by Eqs. (21), (56),
and (57) is GAS if JC(s) has no transmission zeros at s = 0 and
JC(s)/s is MSPR.

Proof. The proof can be obtained by a slight modification of the
results of Ref. 13 to show that the above implies the conditions of
Theorem 4.

The condition that JC(s)/s be MSPR is sometimes much easier to
check than the conditions of Theorem 1. For example, let JC(s) =

) , . . . , JCk(s)], where

£,•(5)=*,- s2 -ha 1/5
(58)

It is straightforward to show that JC(s)/s is MSPR if and only if (for
i = 1 , . . . , k), ki, a0i, ai/, pQi, fin are positive and

!/ - Pu > 0, ij > 0 (59)

For higher order /C/, the conditions on the polynomial coefficients
are harder to obtain. One systematic procedure for obtaining such
conditions for higher order controllers is the application of Sturm's
theorem.14 Symbolic manipulation codes can then be used to derive
explicit inequalities. The controller design problem can be subse-
quently posed as a constrained optimization problem that minimizes
a given performance function. For the case of fully populated JC(s),
however, there appear to be no straightforward methods and it re-
mains an area of future research.

The following results, which address the cases with static dissi-
pative controllers when the actuators have first- and second-order
dynamics, are an immediate consequence of Theorem 5 and are
stated without proof.

Corollary 1. For the static dissipative controller [Eq. (22)],
suppose Gp and Gr are diagonal with positive entries (denoted
by subscript /), and actuators represented by the transfer function
GAi(s) = ki/(s + a/) are present in the z'th control channel. Then
the closed-loop system is GAS if Gri > Gpi/ai (for i = ! , . . . ;£) .

Corollary 2. Suppose the static dissipative controller also in-
cludes the feedback of the acceleration ya, that is,

u = -Gpyp - Gryr - Gaya



1050 KELKAR, JOSHI, AND ALBERTS

where Gp,Gr, and Ga are diagonal with positive entries. Sup-
pose the actuator dynamics for the z'th input channel are given by
GAi(s) = ki/(s2 + /x/5 + v/), with kit /*/, v,- positive. Then the
closed-loop system is asymptotically stable if

a

Gri .
< /x, < —— i = 1 , . . . , k— r^i f-i » '

Realization of 1C as a Strictly Proper Controller
The controller JC(s) [Eqs. (56) and (57)] is not strictly proper be-

cause of the direct transmission term Dc. From a practical viewpoint,
it is sometimes desirable to have a strictly proper controller because
it attenuates sensor noise as well as high-frequency disturbances.
Furthermore, the most common types of controllers, which include
the linear quadratic Gaussian (LQG) as well as the observer/pole
placement controllers, are strictly proper (they have a first-order
rolloff). In addition, the realization in Eqs. (56) and (57) does not
utilize the rate measurement yr. The following result states that K
can be realized as a strictly proper controller wherein both yp and
yr are utilized.

Theorem 6. The nonlinear plant with yp and yr as outputs is
stabilized by the controller K! given by

xc = Acxc + [Bc - ACL L]

yc = Ccxc

(60)

(61)

where Cc is assumed to be of full rank and an nc x k(nc > k) matrix
L is a solution of

Dc. - CCL = 0 (62)

Proof. Consider the controller realization (56) and (57). Let

xc = xc + Lyp (63)

where L is an nc x k matrix. Differentiating Eq. (63), using Eqs. (56)
and (57), and replacing yp by yr, we get Eq. (60), and

yc = Ccxc + (Dc - CcL)yp (64)

If L is chosen to satisfy Eq. (62), we get the strictly proper controller
given by Eqs. (60) and (61). Equation (62) represents k2 equations in
knc unknowns. If k < nc (i.e., the compensator order is greater than
the number of plant inputs), and Cc is of full rank, there are many
possible solutions for L. The solution that minimizes the Frobenius
norm of L is

L = CjceCt*Dc (65)

If k = nc, Eq. (65) gives the unique solution L = C~1DC.

V. Numerical Example: Two-Link
Flexible Space Robot

A numerical example is given to demonstrate the result of Sec. III.
The example system consists of a conceptual nonlinear model of a
spacecraft (Fig. 4) consisting of a central body with two flexible
articulated appendages. The stability result obtained for the nonlin-
ear dissipative control law given in Sec. Ill is verified by simulation
of this system, which resembles a flexible space manipulator. The
central body is a solid cylinder with 1.0 m diameter and 2 m height,

Base

10 15 20 25 30 35 40
-0.1

Fig. 5 Euler parameters.

0.5

0.2

I 0.1

15 20 25
time (sec)

35

Fig. 4 Flexible space robot.

Fig. 6 Revolute joint displacements.

and each link is a 3-m-long flexible beam. The cross section of the
links is circular with 1.0 cm diameter resulting in significant flexi-
bility. The material chosen for the central body as well as the links
has a mass density of 2.568 x 10~3 kg/m3 and modulus of elasticity
E = 6.34 x 109 kg/m2. The mass of the central body is 4030 kg and
that of each link is 0.605 kg. The principal moments of inertia of the
central body about local x , y , and z axes are 1 600, 1 600, and 500 kg-
m2, respectively. Each link can rotate about its local z axis. The mo-
ment of inertia of each link about its axis of rotation is 1.815 kg-m2.
The central body has three rotational degrees of freedom. As shown
in Fig. 4, there are two revolute joints, one between the central body
and link 1 and another between link 1 and link 2. The axes of rota-
tion for revolute joints 1 and 2 coincide with the local z axes of links
1 and 2, respectively. A three-axis torque actuator is assumed for
the central body and one torque actuator is assumed for each of the
revolute joints. Inertial attitude and rate sensors are collocated with
the central-body torque actuators. Joint angle and rate sensors are
collocated with the torque actuators at the revolute joints. The first
and second link are modeled as flexible beams with pinned-pinned
and pinned-free boundary conditions, respectively. The first four
bending modes in the local xy plane were considered for each link,
i.e., the system has five rigid rotational degrees of freedom and eight
flexible degrees of freedom. The -modal data were obtained using
MSC/NASTRAN.15 A complete nonlinear simulation was obtained
using a commercially available software, DADS.16

A rest-to-rest maneuver was considered in order to demonstrate
the control law. The initial configuration was equivalent to 7t/4 rad
rotation of the entire spacecraft about the global x axis and 0.5
rad rotation of the revolute joint 2 about its local z axis. The
objective of the control law was to restore the zero state of the
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Fig. 7 X displacement of end effector.
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Fig. 8 Y and Z displacements of end effector.
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Fig. 9 Control torque for Euler axis 1.

system (i.e., zero attitude of the central body and fully stretched
configuration of the links). The nonlinear dissipative control law
of Eq. (13) was used to accomplish the task. Since there are no
known techniques for the synthesis of such controllers, the selec-
tion of controller gains was based on trial and error. Based on sev-
eral trials, the following gains were found to give the desirable
response: Gpl = diag(1000, 1000, 1000), Gp2 = diag(50, 50), and
Gr = diag(500, 275, 270,100,100). As the system sets in motion,

10 15 20 25 30 35 40

Fig. 10 Control torques for Euler axes 2 and 3.

Fig. 11 Control torques for revolute joints 1 and 2.

all members move relative to one another and there is dynamic
interaction between the members. Complete nonlinear effects and
coupling effects are incorporated in the simulation. The Euler pa-
rameter responses are shown in Fig. 5. The term ot\ reaches steady
state in about 30 s, and a?2, a3 remain very small (less than 10~3)
during the maneuver. The joint angle displacements for revolute
joints 1 and 2 are shown in Fig. 6. The joint displacements decay
asymptotically and are nearly zero within 15 s. The end-effector
displacements with respect to global jc, y, and z axes are shown in
Figs. 7 and 8. It can be seen that the jc position of the end effector
reaches its desired value in about 15s, whereas the y and z positions
take about 35 s to settle. These responses effectively demonstrate
the stability result of Sec. III. The time histories of control torques
are given in Figs. 9-11. The effects of nonlinearities in the model
can be seen in the responses as well as in the torque profiles.

VI. Concluding Remarks
Stability of a class of nonlinear multibody flexible space systems

was considered using a class of dissipative control laws. Assuming
collocated actuators and sensors, global asymptotic stability was
proved using a nonlinear feedback of the central-body quaternion
angles, relative body angles, and angular velocities. A numerical
example was also given to demonstrate the stability result. In ad-
dition, for the special case wherein the central-body motion is in
the linear range whereas the appendages can undergo unlimited
(nonlinear) motion, global asymptotic stability was proved with a
linear static dissipative control law. Furthermore, the stability was
shown to hold despite the presence of a broad class of actuator
and sensor nonlinearities and actuator dynamics. A class of linear
dynamic dissipative controllers was also introduced and was shown
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to provide global asymptotic stability. Dynamic dissipative contro-
llers offer more design freedom than the static dissipative controller
and therefore can potentially achieve better performance and noise
attenuation. All the stability results presented depend only on inher-
ent passivity characteristics of the system and are valid in spite of
unmodeled modes and parametric uncertainties, i.e., the stability is
robust to model errors. The results have significant practical value
since mathematical models of multibody flexible systems usually
have substantial inaccuracies and the actuation and sensing devices
have nonlinearities.

Design of dissipative controllers to obtain optimal performance is
as yet an unsolved problem. Future work should address the devel-
opment of systematic methods for the synthesis of both nonlinear
and linear as well as static and dynamic dissipative controllers for
such systems.

Appendix: System Properties
Lemma AL For the system represented by Eq. (2), the matrix

(1/2)M — C is skew symmetric.
Outline of proof. Using the indicial notation, the (k, j)t\\ ele-

ment of C(p, p) is defined as

(Al)

Similarly, the &7th component of the time derivative of the inertia
matrix M(p) is given by the chain rule as

(A2)

Now if we define the matrix S = (1/2) M - C, then the (k, ;)th
element of S is given by

1 .
Skj = -Mkj - (

dMkj 3Mki _ dMij\l .
dpi dPj dpk )\Pi

(A3)

Since the inertia matrix is symmetric, i.e., My = M/,-, by inter-
changing the indices k and j, it follows from the above equation
that

Sjk = — (A4)

which implies that the matrix S is skew symmetric. D
Lemma Al can be used to prove that the system given by Eq. (2)

has the important inherent property of passivity, as defined in Ref. 3.
Lemma A2. The input-output map from u to yr is passive; i.e.

(with zero initial conditions),

fJo
v r > o (A5)

for all u(t) belonging to the extended Lebesgue space L\e.

Proof. Premultiplying both sides of Eq. (2) by pT and integrat-
ing, we get

pj M(p)p + p1 C(p, p)p + p1 Dp + p1 Kp] rT
\ = I y*u&

Jo
(A6)

Noting that

= 2pTM(p)p + pTM(p)p (Al)

and using Lemma Al, we get

-pT(T)M(p(T))p(T) + r _r_•*- 1/\ £-/%•'Jo

= f yfudt
Jo

which gives the required result.

(A8)

D
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